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Abstract. We study the Segal-Bargmann transform, or the heat transform, H t for 
a compact symmetric space M = U / K . We prove that H t is a unitary isomorphism 
H t : L 2 (M) — » Ht(Mc) using representation theory and the restriction principle. We 
then show that the Segal-Bargmann transform behaves nicely under propagation of sym- 
metric spaces. If {M n — U n /K n , i n . m }n is a direct family of compact symmetric spaces 
such that M m propagates M n , m > n, then this gives rise to direct families of Hilbert 
spaces {L 2 (M„),7„ !m } and {Ht(M n c), o~n, m } such that H t 

also consider similar commutative diagrams for the if„-invariant case. These lead to 
isometric isomorphisms between the Hilbert spaces lirnL 2 (M„) ~ \va^'H{M n c) as well as 

Inc)" 



limi 2 (M„) A '" ~ \imH(M n ^ K " 



Introduction 

Denote by h t (x) = (47rt)~ n//2 e~" a: " 2//4t the heat kernel on IR n and denote by dfi t (x) = 
ht(x)dx the heat kernel measure on M. n . Denote by A the Laplace operator on M. n . The 
Segal-Bargmann transform H t , also called the heat kernel transform, on L 2 (IR n ) or on 
L 2 (IR ra ,/i t ) is defined by mapping a function / G L 2 (IR n ) to the holomorphic extension to 
C n of / * ht = e tA f. The image of L 2 (IR ra ,/i t ) under the Segal-Bargmann transform is 
the Fock space J-t(C n ) of holomorphic functions F : C n — > C such that (27rt)~ n J \F(x + 
i y )\2 e -H*+iv\\ a /Xdxdy < oo. Thus J* t (C n ) = L 2 (M 2n , rf^ /2 (x)rf/i 4/2 (y)) n C(C n ) whereas 
the image of L 2 (R n ) is H t {C n ) = L 2 (R 2n , dfx t/2 (y)) n C(C n ), also called the Fock space. 
This idea, in a slightly different form, was first introduced by V. Bargmann in [3]. An 
infinite dimensional version was considered by I. E. Segal in [34]. A short history of the 
Segal-Bargmann transforms for M. n can be found in [T3] and |14j . 

For infinite dimensional analysis one is forced to consider the heat kernel transform de- 
fined on L 2 (IR n , fi t ). The reason is, that the heat kernel measure forms a projective family 
of probability measures on W 1 and hence {L 2 (M n , ^A} ngN forms a direct and projective 
family of Hilbert spaces. Similarly, {J r t (C n )} nS N forms a direct and projective family 
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of Hilbert spaces and the {H t ^ n : L 2 (IR n ,/i t ) —> J-" t (C n )} is direct and defines a unitary 



The symmetric spaces of compact and noncompact type form a natural settings for 
generalizations of the heat kernel transform and the Segal-Bargmann transform. This 
was first done in [12] where the Segal-Bargmann transforms were extended to the com- 
pact group case and compact homogeneous spaces U/K. As in the flat case, the Segal- 
Bargmann transform H t on L 2 (U/K) is given by the holomorphic extension of / * h t to 
the complexification U<£ of U. The author showed that the Segal-Bargmann transform is 
an unitary isomorphism from L 2 (U) onto 0(Uc) H L 2 (Uc,u t ), where 0(Uc) denotes the 
space of holomorphic functions on Uq and v t is the ^/-average heat kernel on Uc- Anal- 
ogous results for compact symmetric spaces were given by Stenzel in [37]. The image of 
the Segal-Bargmann transform H t is a L 2 -Hilbert space of holomorphic functions on the 
complexification U<c/Kc of U/K. In [12] the heat kernel measure on U<c/U was used to 
define the Fock space, whereas [37] uses the heat kernel measure on the non-compact dual 
G/K of U/K. Both measures coincide as can be shown by using the Flensted- Jensen 
duality [7J. In J2U] and [JT] the unitarity of the Segal-Bargmann transform was proved 
using the restriction principle introduced in |3Uj . 

Some work has been done on constructing a heat kernel measure on the direct limit of 
some complex groups. In [TT], Gordina constructed the Fock space on SO(oo,C), using 
the heat kernel measure determined by an inner product on the Lie algebra so(oo,C). 
Another direction is taken in [17] where the Segal-Bargmann transform on path-groups is 
considered. 

In the noncompact case new technical problems arise. In particular, in the compact 
case, every eigenfunction of the algebra of invariant differential operators as well as the 
heat kernel itself, extends to a holomorphic function on Uc/Kq. This follows from the 
fact, that each irreducible representation of U extends to a holomorphic representation of 
Uq with a well understood growth. In the noncompact case this does not hold anymore. 
The natural complexification in this case is the Akhiezer-Gindikin domain E C Gc/Kc, 
see [T]. Using results from [21] it was shown in [22] that the image of the Segal-Bargmann 
transform on G/K can be identified as a Hilbert-space of holomorphic functions on 5, 
but in this case the norm on the Fock space is not given by a density function as in the 
flat case. Some special cases have also been considered in [151 H5]- A different description 
that also works for arbitrary positive multiplicity functions was given in |27j . 

From the point of view of infinite dimensional analysis, the drawback of all of those 
articles is that only the invariant measure on G/K is considered, so far no description 
of the image of the space L 2 (G/K,fi t ) under the holomorphic extension of / * ht exists, 
except one can describe the space in terms of its reproducing kernel. 

The first step to consider the limit of noncompact symmetric spaces was done in [SB] . 
There it was shown for a special class of symmetric spaces G n /K n that {L 2 (G n /K n , fj, t )} n 
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forms projective family of Hilbert spaces. But no attempt was made to consider the 
Segal-Bargmann transform. 

Our main goal in this article is to use some ideas from the work of J. Wolf, in particular 
|44j . to construct the Segal-Bargmann on limits of special classes of compact symmetric 
spaces. In [31] the authors introduced the concept of propagation of symmetric spaces. 
The results of jH] applies to this situation resulting in an isometric embedding j n>m of 
L 2 (U n /K n ) into L 2 (U m /K m ) for m > n. Let M n = U n /K n , and M nC = U nC /K nC ' We 
show, using the ideas from [44 J that we have an isometric embedding 8 n>m : %(Mc n ) — > 
Ht{Mcm) such that H tm o j n>m = 5 ntm o H tn . This then results in a unitary isomorphism 

H ttOC : lim L 2 (M n ) ->■ limH t (M nC ) . 

In the ^-invariant case, in general j n ,m{L 2 {M n ) Kn ) <£. L 2 (M m ) Km for m > n. So dif- 
ferent maps have to be considered in this case. In this article, we define an isometric 
embedding rj n ^ m : L 2 (M n ) Kn — >■ L 2 (M m ) Km and similarly for 7i t (M n c) Kn with the embed- 
dings 0„ jm such that H ttm o r\ n ^ m = nj?Ti o H t n resulting in a unitary isomorphism of the 
directed limits. This is the result from |41j . 

The article is organized as follows. In Section [T] we introduce the basic notation used in 
this article. In Section [5] we discuss needed results from representation theory and Fourier 
analysis related to symmetric spaces. The Fock space % t (M) is introduced in Sectional 
We show that T-L t (M) is a reproducing kernel Hilbert space and determine its reproducing 
kernel. We also describe l-Lt(M) as a sequence space. The Segal-Bargmann transform is 
introduced in Section H] and we show that it is an unitary [/-isomorphism in Theorem 4.3. 
In Section [5] we recall the notion of propagation of symmetric spaces introduced in [3T] . 
The infinite limit is considered in the last two sections, Section [6] and Section 7. 



1. Basic Notations 

Let M be a symmetric space of the compact type. Thus, there exists a connected compact 
semisimple Lie group U and a nontrivial involution 6 : U — >■ U such that U® C K C U e 
and M = U/K. Here, U 9 = {u G U \ 6{u) = u} denotes the subgroup of ^-fixed points, 
and the index o stands for the connected component containing the identity. 

To simplify the exposition we assume that U is simply connected. In this case U e is 
connected and hence K = U e is connected and U/K is simply connected. The more 
general case can be treated by following the ideas in Section 2 in [29] . 

The base point eK e M will be denoted by o. Denote the Lie algebra of U by u. 6 
defines a Lie algebra involution on u which we will also denote by 9. Then u = t © s, 
where i = {X e u | 6(X) = X} and s = {X £ u | 6{X) = -X}. Note that t is the Lie 
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algebra of K 



, s ~k T (M) via the map A D x , 



f(exp(tX) ■ o) 



and T(M) ~ U x Ad | s s. 

As U is compact, there is a faithful representation of U, so we can-and will-assume that 
U is linear: U C U(n) C GL(n, C) for some n G N. Then u C u(n). Define a [/-invariant 
inner product on u by 



By restriction, this defines a if- invariant inner product on s and hence a [/-invariant 
metric on M. We note that t and s are orthogonal subspaces of u with respect to ( • , • ). 

The inner product on u determines an inner product on the dual space u* in a canonical 
way. Furthermore, these inner products extend to the inner products on the corresponding 
complexifications Uc and u£- All these bilinear forms are denoted by the same symbol 



Let a C s be a maximal abelian subspace of s. View a c as the space of C-linear maps 
a c ->■ C. Then a* = {A G a* c | A(a) C R} and ia* = {A G a* c | A(a) C iR}. 

For a G a* c , let u c = {X e u c | (W G a c ) [-H", A] = a{H)X}. If u Ca ^ {0} then 
a G io* and Uc« fl u = {0}. If Uc« 7^ {0}, then a is called a restricted root. Denote by 
£ = £(u<c, ac) C ia* the set of restricted roots. Then 



where m = 3t(a) is the centralizer of a in t. 

The simply connected group U is contained as a maximal compact subgroup in the 
simply connected complex Lie group Uc Q GL(n, C) with Lie algebra Uc = u®rC. Denote 
by 9 : Uq — > U c the holomorphic extension of 9. Let a : U c — >■ f/ c be the conjugation on 
£/c with respect to U. Thus the derivative of a is given by A + iY i— >■ A — ?Y, A, Y G u. 
a - is the Cartan involution on Uc with U = Uq. We will also write ~g = a(g) for g G Uc- 

Let i^c = ^c- Then Kc has Lie algebra tc and is a maximal compact subgroup of 
I\ . Kq is connected as Uc is simply connected and Mc = Uc/Kc is a simply connected 
complex symmetric space. As cr(Kc) = Kq it follows that a defines a conjugation on Mc 
with (Mc) = M. Thus M is a totally real submanifold of M<c. In particular, 

Lemma 1.1. If F G C(M C ) and F| M = 0, then F = 0. 

Let a = £ + is = u c a and let G = Uq denote the analytic subgroup of Uc with Lie 
algebra g. M d = G/K is a symmetric space of the noncompact type and M d = (M^ e ) . 
Hence, M d is also a totally real submanifold of Uc/K c . M d is called the noncompact dual 



(A, Y) = -Tr AY = Tr AY* . 




II;- CI;- tlV- U;-„ 



of M. 
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The following is clear (and well known) using the Cartan decomposition of Uc and G: 

Lemma 1.2. Let g G Uc- Then there exists a unique u G U and a unique X G iu such 
that g = uexpX . We have g G G if and only if ' u G K and X G is. 

2. L 2 Fourier Analysis 

In this section, we give a brief overview of the representation theory related to harmonic 
analysis on M. 

Since U is assumed to be simply connected, there is a one-to-one correspondence be- 
tween U, the set of equivalence classes of irreducible unitary representations of U, and the 
semi-lattice of dominant algebraically integral weights on a Cartan subalgebra containing 
a. We denote this correspondence by \i (7r M , V^). (ir^, V^) is spherical if 

V? = {v eV^l (V* G K) ir^k)v = v}^ {0} . 

There exists an isometric [/-intertwining operator ^ L 2 (M) if and only if ^ 
{0}. In that case dimV^f" = 1. The description of the highest weights of the spherical 
representations is given by the Cartan- Helgason theorem, see Theorem 4.1, p. 535 in [T9] . 
Fix a positive system S + C S. Let 

(2.1) A+(C7) = L g za* (Va G £+) e Z+ = {0, 1, . . .} ) . 

As both [/ and If will be fixed for the moment we simply write A + for A^([/). A + is 
contained in the semi-lattice of dominant algebraically integral weights. 

Theorem 2.1. Let (7r M , V^) be an irreducible representation of U with highest weight \i. 
Then tt^ is spherical if and only if jj, G A + . 

If nothing else is said, then we will from now on assume that (tt^, V m ) is spherical. ( ■ , • ) (U 
will denote a [/-invariant inner product on V^. The corresponding norm is denoted by 
| ■ Let d(/i) = dimV^. Then /i !->■ c?(//) extends to a polynomial function on a c of 
degree ^ agS + dimcUc a . We fix G V^f with || e M || = 1. The function g \-t 7r tl (g)e IM is 
right if-invariant and defines a valued function on M. We write 7r M (x)e M = 7r At (g r )e (U if 
^ = 5 • o, 5 G £/". 

For it G let 

(2.2) n;(x) = (u,7c fl (x)e,),. 

The representation 77^ extends to a holomorphic representation of Uc which we will also 
denote by tt^. As 

(2-3) vr^r = ttXs)- 1 ) 
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on U and both sides are anti-holomorphic on Uq, it follows that ( 12. 3D holds for all g G Uc- 
We extend 7r^ to a holomorphic function on Mc by 



(2.4) tt"0) = (w,7r M (cr(^))e A1 } M := (u, 7r M (a(p))e^) M = (tt m (# ^e^, z = g-o. 



We normalize the invariant measure on compact groups so that the total measure of 
the group is one. Then J M f(m) dm = ^ u f{a • 6) da defines a normalized [/-invariant 
measure on M. The corresponding L 2 -inner product, respectively norm, is denoted by 
( • , • ) 2 , respectively || • || 2 . 

Recall that by Schur's orthogonality relations we have 
(2.5) J (u,7r^g)v) fl (TT S (g)x,y) s du = 6^ v -^--(u,x) l ,(y,v} l ,. 

In particular, — > L 2 (M), u t— > o^/i) 1 / 2 ^ is a unitary [/-isomorphism onto its image 
L 2 (M) M C L 2 (M). Furthermore 

i 2 W=0i 2 (M) r 

A*eA+ 

Furthermore, each function / G L 2 (M) fl has a holomorphic extension / to Mc- 
Lemma 2.2. Let the notations be as above. 

(1) Let /i, 5 G A + , u G V^, v G V5, and Hi, H 2 G Oc- T/ien 

y ^(gexpH 1 )n v 5 (gexpH 2 )dg = -^^(u,v) ^(ir^exp H 2 )e IM ,7i fl (exp H^e^) ^ 

■jjr^{u,v) ll (e fl ,Tr ll (exp(H 1 - a (H 2 ))e 



(2) Let L C Mc 6e compact. Then there exists a constant Cl > suc/i that 

\7i;(z)\<e c ^\\u\\, 

for all z G L. 

Proof. (1) This follows from Schur's orthogonality relations (12. 5ft : 

TT^(gexpHi)TTg(gexpH 2 )dg = / (u,TT^(g)^(expHi)e^)^ s (g)^s(^ H 2 )e s ,v)sdg 

Ju 

~J^\( U > ^mW^P H 2 )e^ 7i>(exp H^e^)^ 



, v)^, vr At (exp( J ff 1 - o-(F 2 )))e M ) A( 



cf(y[/) 

where we used that ^(exp H 2 )* = 7r M (cr(exp H 2 )~ l ). (2) follows from Lemma 3.9 in 

m. □ 
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For / G L 2 {U) C L\U) let 



M/) = / f (9)^(9) dg 

Ju 



be the integrated representation. Denote by = f K ftn(k) dk : — >■ the orthogonal 
projection v H> (v,e M )e M . If / G L 2 (M) = L 2 (U) K , then 7r M (/) = 7T^(/)P M . Define the 
(vector valued) Fourier transform of / G L 2 (M) by 

(2.6) 7 M := M/h.- 

Denote the left-regular representation of [/ on L 2 (M) by L. Thus (L(a)f)(x) = /(a -1 -x). 
Then 

(2-7) Ua)]^^,{a)f,. 
To describe the image of the Fourier transform let 



© ^ := { (v») 



(V/i G A+) ^ G Vf, and ^ dMIMIJ < 00 



(V/i G A + ) G and ^ d(/i)|K/i)|| 2 < 00 



Then © MgA + d is a Hilbert space with the inner product 

(K)>( w m)) = E d ^)( v ^ w ^)^- 

The group U acts unitarily on by (L(a)(w M )) M = (vr^(a)M^)^. 

Theorem 2.3. /// G L 2 (M) tfien (f,), G M6A+)Ci and ^ : L 2 (M) -+ MeA + d ^ is 
a unitary U -isomorphism with inverse 

In particular if f G L 2 (M) then 

(2.8) /= ^ d^&M •)*,*>,.= E and 11/112 = E wii/mIij 

^gA+ ^ga+ ^eA+ 

where the first sum is taking in L 2 (M). If f is smooth, then the sum converges in the 
C°° -topology. Furthermore 

(1) If f G L?{M) then the orthogonal projection of f into L 2 (M) M is given by / M = 
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(2) fn has a holomorphic continuation to Mc which is given by 
(2.9) U(z) = d(ri(f»,7r,{z)e tl ). 

(3) If L C Mc is compact, then there exists a constant Cl > such that 

bu P |7,(s)| <dMe CiM ||/||2- 

xeL 

Proof. This is well known but we indicate how the statements follows from the general 
Plancherel formula for compact groups, see j9], p. 134. We have 

/(^^^Wi- 1 )^) and \\f\\l=J2 d (^Mf)*Mf))- 

Extending to an orthonormal basis for V^, it follows from 7T M (/) = 7r iU (/)P_R: that 
Tr (^(aT 1 )^/)) = (^(aT 1 )^/)^ e M ) M = (/(/x), Tr^e^ 

and 

Tr (*„(/)%(/)) = (7r M (/)*7r M (/)e„e M ) M = (vr,(/)e M , 7r,(/)e M ), = 

The L 2 -part of the theorem follows now from the Plancherel formula for U. The inter- 
twining property is a consequence of (12.71) . For the last statement see [SB] . 

That the orthogonal projection / \-t is given by = 7r jU (a;)e M ) follows 

from (TJU). The last part follows from (T22D and < ||/|| 2 . □ 

The spherical function on M associated with /x is the matrix coefficient 

(2-10) M9) = ^(g) = (e^iaMp , geu. 

It is independent of the choice of e M as long as He^H^ = 1. We will view ip^ as a K- 
biinvariant function on U or as a i^-invariant function on M. ip^ is the unique element 
in L 2 (M)^ which takes the value one at the base point o. 

life L\M) K then % = (U,e,),e, G Vf. Furthermore, 



(fit, = (^Me^, e M ) M = / /(m)^(m)dm= / f(a-o)ip lx (a ) da . 

J M JU 

This motivates the definition of the spherical Fourier transform on L 2 (M) K by 

(2.ii) 7o*) = (fM»- 

Define the weighted £ 2 -space ^(A + ) by 




ii)neA+ 



UjjGC and cf(/i)|a M | 2 < oo 
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Then £ 2 ,(A + ) is a Hilbert space. 

Theorem 2.4. The spherical Fourier transform is a unitary isomorphism of L 2 (M) K 
onto ^(A + ) with inverse 

where the sum is taken in L?[M) K . It converges in the C°° -topology if f is smooth. 
Furthermore, 

\\f\\l= ^«|/(/i)| 2 . 

Proof. This follows directly from Theorem 12.31 □ 

Note that ip^ has a holomorphic extension ip^ to Mc given by if>n(z) = (e M , n^{a{z))e^) M . 
Lemma 2.5. Let f G L 2 (M). Then f^z) = d(fi)f * ^(z). 

Proof. We have 

fniz) = d(//)(/ M ,7r M (cr(^))e M } / , 

f(g ■ o){7r fl (g)e^,TT ll (a(z))e ll } l ,dg 

f(9 ■ o) (e M , 7r At ((j(^" 1 z))e M ) At dg 

□ 

3. The Fock Space Ht(M c ) 

In this section, we start by recalling some needed and well-known facts on integration on 
M d = G/K, the noncompact dual of M. We then introduce the heat kernel hf on M d . For 
more details and proofs for the statements involving hf we refer to [2H 1221 [23 [2H] and the 
references therein. We introduce the Fock space H t (Mc)- Using the restriction principle 
introduced in [30] we show that 'Ht(Mc) is isomorphic to L 2 (M) as a U- representation. In 
the next section we will show that the Segal-Bargmann transform H t : L 2 (M) -> H t {M c ) 
is a unitary isomorphism. 

Let 

(ia) + = {H eia\ (Va G E+) a(H) > 0} . 

The following is a well known decomposition theorem for an involution commuting with 
a given Cartan involution, see [8] or Proposition 7.1.3. in [36] . 





THE SEGAL-BARGMANN TRANSFORM ON COMPACT SYMMETRIC SPACES 10 

Lemma 3.1. Let z G Mc- Then there exist u G U and H G ia such that z = uexp(H) -o. 
If U\ exp(Hi) ■ o = u 2 exp(H 2 ) ■ o then there exists w G W such that H 2 = w ■ Hi. If we 
choose H G then H is unique. 

Let m be a ^-invariant measure on Mc- 
Theorem 3.2. We can normalize m such that for f G L 1 (Mc) 

I f(z)dm{z)= I [ f(uexpH ■ o)J(H)dHdu, 

JM C Ju J(ia) + 

where 

J{H) = ] [ sinh (2 (a,H)) . 

Proof. This follows from the general integration theorem for symmetric space applied to 
Mq, see [8| or Proposition 8.1.1 in |36j, using that sinh(2x) = 2 sinh(x) cosh(x). □ 

Let mi be a G-invariant measure on M d . 
Theorem 3.3. We can normalize mi such that for f G L 1 (M) 

f f{x)dm 1 {x)= [ [ f{kexpH ■ o)J 1 {H)dHdk . 

J M d JK J(ia)+ 

where J X {H) = J{2' l H). 

Corresponding to the positive system S + there is an Iwazawa decomposition G = 
KA d N of G, where A d = exp(ia). Write x G G as x = k(x)a(x)n(x). For a G £ let 
m a = dim c uc, a and let p = 2~ 1 X] a es+ ra a° L e ■ Let 

(p x (x) = [ a(gk) iX - p dk 

J K 

denote the spherical functions on M d with spectral parameter A, see [19] . Theorem 4.3, 
p. 418, and p. 435. 

Lemma 3.4. Let fi G A + . Then (fi^ +p ) extends to a holomorphic function {pi^ +p ) on Mc 
and tpf, = Vifr+p) ■ 

Proof See the proof of Lemma 2.5 in [4] and the fact that (f\(g~ l ) = f-.\(g), see [19], p. 
419. □ 

Consider the complex-bilinear extension ( • , • ) of ( • , • ) | (ia)* x (ia)* to a c . We write A-/x = 
(A,/i) and A 2 = (A, A). 

The trace form (X, Y) = — Tr (XY*) defines a X-invariant metric on is and hence a G d - 
invariant metric on M d . We consider the Laplace operator A d associated with this metric. 
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Let hf be the heat kernel associated to the Laplace-Beltrami operator on the noncompact 
symmetric space M d . Then h d is i^-invariant. Thus h t > 0, {h d } t >o is an approximate 
unity and e tAd f = h t * f. In particular h t * (fx = e~"- A +p ><p for every bounded spherical 
function. 

Theorem 3.5. Let A G a}. Then h 2t f-x G L 1 (M d ), and 

[ hi{x)(p- x {x) dm(x) = [ /4(exp #>_ A (exp H)J X {H) dH = e ~ 2t(x2+p2) . 

JM d A*<0+ 

In particular 

I h d t (expH)^(exp H^H) dH = -i- / h d 2t (exp H)^(exp H) \J X {H)\ dH 

J Ua)j- \" ' \ J ia 



(3.1) 



2t(fj, 2 +2fj,-p) 



Proof. First note that for H G (ia)+, we have 

Ji(H) <de 2p{H) 

and by simple use of the estimates for (p_ x (exp H) from Proposition 6.1 in [33], we have 

|v2_ A (exp#)| < Ce l|A|ll|H|1 . 

Finally, according to the Main Theorem in [2J, p. 33, there exists a positive polynomial 
p(H) on ia such that 

/4(exp #) < p{H)e- p(H) e- m2/8t for all # G (io)+ . 

Let L C a*-.. Putting those three estimates together we get 

K(expif)v9_A(expF)J 1 (iJ)| < Cilp^le 021 ^ 11 " 1 ^ 112 / 8 * 

for some constants C\,C<i > 0. As the right hand side is integrable it follows that H i— >• 
h d t (exp H)(p^\(exp H)Ji(H) is integrable on (ia)+ and 

A i— >• / h d t (expH)(p_ x (expH)Ji(H) dH = / h d t (m)ip_x{m) dm 

J{ia)+ J M d 

is holomorphic. 

It is well known, see [2J, that for A G (ia)*, 

(3.2) / /4(i)^_ A (i)(imi(i) = e -2t((A,A)+(M) . 

As both sides are holomorphic it follows that (13. 2p holds for all A G a* c . As the holomorphic 
extension is an even function in A, (13.11) follows now from Lemma 13.41 by taking A = 
i(fi + p). □ 
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We define 

(3.3) p t {z) := 2 r /4(exp(2#) ■ o) for z = (u exp H) ■ o E M c , u E U , H E ia . 

Here r = dimo. Define a measure fa on M c by dfa(z) := p t (z)dm(z). We note that 
Pt is [/-invariant by definition. As ni\ is Mc invariant, it follows that the measure fa is 
[/-invariant. Define the Fock space 1-t t (Mc) by 
(3.4) 



U t {M c ) := { F E 0{M, 



\F\\ 2 t = / \F{z)\ 2 dfa{z) < oo \ = L 2 (M c ,fa)nO(M c ). 
Jm c J 

Using that fa is [/-invariant we get the following standard results (c.f. [25], [5]): 

Theorem 3.6. Let t > 0. T/ien Ht(Mc) is an V '-invariant Hilbert space of holomorphic 
functions. In particular, if L C Mc compact, then there exists a constant Cl > such 
that 

sup|F(z)| <C L \\F\\ t for all FEH t (M c ). 

Furthermore, there exists a function K t : Mq x Mq — > C such that 

(1) K t { -,w)E Ht(M c ) for all w E M c . 

(2) F(w) = (F, K t (-,w) ) for all F E H t (M c ). 

(3) K t (z,w) = K t (w,z). 

(4) (z,w) i — ^ K t (z,w) is holomorphic in z and anti-holomorphic in w. 

K t (z,w) is i/ie reproducing kernel of %(Mc). Recall that the existence of Kt )W (z) := 
K t (z,w) follows from the fact that the point evaluation F i— >■ is continuous on 

'Ht(Mc) and hence this evaluation map is given by the inner product with a function 
K ttW E U t {M c ). Then 

K t (z,w) = (K t>w ,K t;Z ) 

which clearly implies (2) and (3). 

Lemma 3.7. If \l E A + and v E then E %(Mc). Furthermore, if 5 E A + , and 
w E Vs, then 

^ e 2t(fi 2 +2p-)) 
(<> = <W ^ (V, W)^. 



Proof. We show first that 7r^ E H t . Clearly, 7r^ is holomorphic, so we only have to show 
that it is square integrable with respect to fa. We have by Theorem 13.21 and (1) of Lemma 
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EZlthat 

= 2 r f f \n;(gex V H)\ 2 h d 2t (ex P (2H))J(H)dHdg 

JU J(ia)+ 



2 r \\v\\ 2 



4(exp(2F) ■ o) ^J^;(gexpH)n;(gexpH)dg) J(H)dH 



^(exp(2if)) J 1 {2H)h d t {exp(2H) ■ o) dH 



d(jj,) 

= H! ( 

d{fi) 

< oo 



d(fl) J(ia)+ 

^(ex P (H))J 1 (H)h d 2t (ex P (H)-o)dH 

(iu) H 



where the last equality follows from Theorem 13.51 



Now using again Theorem 13 .2\ Lemma [2.2[ Theorem I3.5[ and Fubini's theorem we get, 
by the same arguments, that 

e 2i{ At +2p, At > 

and the Lemma follows. □ 

Theorem 3.8. Let s,R,S> 0. Assume that jj, e t>(/i) G is such that \\v^\\^ < Re s ^ . 
Then 



f(z) = J2 d ^y~ 

AteA+ 

defines a holomorphic function on Mc- If L C Mc is compact, then there exists C(L) > 0, 
independent of (f At ) M , such that 

(3.5) \F(z)\<C(L)R. 

Proof. Let L C Mq be compact. Let F^(z) = d(fi)(v(fi), n^(z)e^)^. Then F M is holomor- 
phic and 

by Lemma 12.21 As, ji i-> d{ji) is a polynomial function of degree X] a gs+ dime Uc« and 
(/i + 2p, /i) > 0, it follows that the function A + — > R + , 

H ^ d<Jl)(\ + 1^112)^(5+^)11^11^+2^) 
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is bounded for each k G Z + . Hence, there exists a constant c(k,L,s) independent of // 
such that 

d{^ s+CM e- s ^ 2+2p -^ < c(k,L,s)(l+ y\\ 2 )- k 
for all n G A + . By Lemma 1.3 in [3B] (see also in Lemma 5.6.7 in [40J) there exists ko G N 
such that X)ueA+(l + ll/ 1 !! 2 ) - ^ converges. Hence 

(3.6) d(/J,)e- s ^ +p ^ < c{k ,L,s)R ^ (1 + ||/if)^° < C(L)R 

converges uniformly on L, and hence defines a holomorphic function on Mc. The estimate 
(JH is (J35D. □ 

For z = a ■ o,w = b ■ o G Mc, write 

i> ll (w*z) := ^(cr(6) _1 a) = L(w)^ M (z) . 

Then z, u> i— >■ ip II (w*z) is well defined, holomorphic in z and anti-holomorphic in w. The 
above Lemma implies that 

(z,w) ^ d(fi)e- 2t ^ +2 ^Mw*z) = d{^)e~ 2t ^ +2 ^\7:,{w)e^^z)e,) 

defines a function on Mc x Mc, holomorphic in z and anti-holomorphic in w. 

Denote the unitary representation of U on Ht{Mc) by r t . Then we have the following 
theorem: 

Theorem 3.9. Lett > then (r t ,"H t (Mc)) —u {L,L 2 (M)). Furthermore, the reproducing 
kernel for Ht{Mc) is given by 

K t {z,w) = ^(/w)e~ 2 * <M+2p ' M> ^(w*z) . 

Proof. We use the Restriction Principle introduced in [30] (see also [26]) and Lemma 
[321 for the proof. Define R : H t (M c ) ->■ C°°(M) by := F| M . Then commutes 
with the action of U. As M is totally real in Mc it follows that R is injective. As M 
is compact, we get from Theorem 13.61 that there exists a constant Cm > such that 
sup x€M \RF(x)\ < C M \\F\\ t . Thus 

ll-R-^lh < CmII-^II* • 
Thus R : H t (Mc) — > L 2 (M) is a continuous [/-intertwining operator. 

By Lemma |3.7[ we have L 2 (M) M C Im(i?) for each \i G A + . Thus Im(i?) is dense in 
L 2 (M). Write R* = U t VRR*. Then U t : L 2 (M) -> H t {M c ) is an unitary isomorphism 
and [/-intertwining operator. 

For /i G A + let 

^(M C ) M = {5FJJ | u e V M } = ^(L 2 (M) M ) . 
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Then H t (M) = © M6A+ %(M C ) M . As H t {M c )p ± %(M C ) 5 for // ^ 5 it follows that 
-K" = J2[ieA+ K-n where is the reproducing kernel for % t (M c )^. Now, note that 

L(w)^ = n^ w ^(z). 

Thus Lemma [3.71 implies that 

dMe-^^i^ = (^(W^ = ^( Z ) . 

Hence K^(z,w) = d(n)e~ 2t( - fl+2p ' fM ' ) 'ip^(w*z) and the theorem follows. □ 
Theorem 3.10. Define k t : M c ^ C by 

k t (z) := K t (z,o) = d(v)e- 2t ^ +2 ^^(z) . 

Let a, b G C/c on< ^ z,w €L Mc- Then 

(1) K t (o • 2, 6 - w) = K t (b*a ■ z,w). 

(2) = kt^z). 

(3) k t en t (M c ) Kc . 

(4) = 

(5) fct|M is real-valued. 

(6) • o) = fct(a; -1 ■ 0) /or a// x G Uq. 

Proof. Everything except (5) and (6) follows from Theorem 13.91 Let w* G W be the 
unique element such that = — S + . Then — w*A + = A + and if fi G A + then 

(3.7) tl)-. w *n(x) = ip^x" 1 ) = ipfj,{x) , x EU. 

This is well known and follows easily from Lemma 13.41 We have 

= ¥-i{n+ P )(x) 

= M^ 1 ) 
= i>n{x) 

It follows that k t (x) = \ Yu^K^vk x ) +i ) -w*^{x)) = X^ eA + Re 0/V( x )) and hence k t (x) 
is real. 

By the same argument, we see that for x G U we have 
1 x 1 . 
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so kt(x) = k t (x 1 ) on U. But both sides are holomorphic on Uq and therefore agree on 
U c . □ 



Define 



G V„ and £ d(/i)e*^^>||a(/i)||J < oo 



JT t (A+) := ^ a : A+ J] V„ 

Then J-" t (A + ) is a Hilbert space with inner product 

(a, 6>^= £ d(/i)e 2 ^ +2 ^(a( y u),6(/i))M 

and C/ acts unitarily on F t (A + ) by 

[cr t (x)(a)](/x) = 7r M (x)a(/x) . 
Theorem 3.11. VFe aave i/ie fallowings. 

(1) For /i G A + Zet v^, . . . , vft^ be an orthonormal basis for V^. Let tt^ = 7fy M . 
Then j a/ d(/i)e~*^ +2p '^ 7T^ /i G A + , z = 1, . . . , c?(/f)| is an orthonormal basis for 
Ut(Mc). 

(2) T/ie map a >->■ XLeA+ d(l-i)^ ^ s a unitary U -isomorphism, J r t (A + ) ~ "H t (M c ). 

(3) T/ie set {>/d(/!)e~'^ t+2p '^ | /i G A + } zs an orthonormal basis for T-Lt(Mc) K ■ 

(4) Ht(Mc) K is isometrically isomorphic to the sequence space 



a : A + -> C 



d(/x)e 2t ^ +2 ^>|a(/x)| 2 < oo 

M£A+ 



TTie isomorphism is given by oh Xl M eA+ d(n)a(n)ip^. 

Proof. (1) This follows from Theorem 13.91 and Lemma [3.71 

(2) For a G Ji(A + ) define F := £ MeA+ dQi)^ . Let n M = e*^ +2 ^>a(». Then the 

sequence {||u M || M } is bounded. As F = J2fj,eA+ d(^) e ^ t ^ +2p '^^' 1 h follows from Lemma 
13.81 that the series converges and that F is holomorphic. Furthermore, 



2||~a(At)||2 
!'V lit 



AteA^ 



AteA+ 
A*eA+ 
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Hence F G %(Mc) and a H- F is an isometry. Now, let F G 7lt(Mc)- By Theorem 
EHF = ^ tZ^e- 24 ^ 2 "'") (F, 7rJ) t 7rJ and ||F|| 2 = £ MeA+ d(fi)e~ 2t ^ +2p '^ \ (F, nfyt] 2 < oo. 
Letting 

d( M ) 

«(/i) = E e " 2%+2p,M> ( F '^)*^ 

3=1 

we get 

J] d(//)e 2 ^ +2 ^>||a(//)|| 2 = ||F|| 2 < oo 

and F = X^eA+ cf(/i)7fy . Hence a H- F is a unitary isomorphism. That this map is an 
intertwining operator follows from the equation 

(3) and (4) now follows as ip^ = tt^ . □ 



4. Segal-Bargmann Transforms on L 2 (M) and L 2 (M) 



K 



In this section, we introduce the heat equation and the heat semigroup e* A . We show 
that if / G L 2 (M) then e tA f extends to the holomorphic function H t f on Mq and H t f G 
H t (M c ). Then we show that the map H t : L 2 (M) ->■ H t (M c ), H t (f) = H t f, is the unitary 
isomorphism C/ t in the proof of Theorem 13.91 The isomorphism H t : L 2 (M) — » TL t (Mc) 
was first established in [T2] and [37]. A different proof was later given by Faraut in [5] 
using Gutzmer's formula. In [2U] the Restriction Principle was used. Our proof is also 
based on the Restriction Principle and uses some ideas from [5]. The i^-invariant case 
was treated in Chapter 4 of 



The heat equation on M is the Cauchy problem 

du 

Au(x,t) = — (x,t) , (x, t) G M x (0, oo) 

lim u(x, t) = fix) , / G L 2 (M) (the initial condition) 

t->o+ 

where A is the Laplace-Beltrami operator on M defined by (•,•). A is a self adjoint 
negative operator on M and a solution to the heat equation is give by the heat semigroup 
e tA applied to /, u(-,t) = e tA f. 

Lemma 4.1. A acts on L 2 (M) M by —{fj l + 2p,fj)ld. 

Proof. This is well know for the Laplace-Beltrami operator constructed by the Killing 
form metric. But scaling the inner product on s by a constant c > 0, results in scaling 
the Laplace-Beltrami operator as well as the inner product on s* by 1 /c. □ 
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Lemma 4.2. Let f G L 2 (M). Write f = £ MeA+ with /„ = d(ji)f * % G L 2 (M) fi C 
C°°(M). T/ien 

(4.1) e* A /= ^e-^ +2 ^)/ M . 

A*eA+ 

Proof. This follows from Lemma 14.11 □ 

We call the map H t : L 2 (M) — >■ 0(Mc) the Heat transform or the Segal-Bargmann 
transform on L 2 (M). 

Theorem 4.3. If f G L 2 (M) tfien G H t (M c ) and H t : L 2 (M) -»■ H t {M c ) is a 

unitary U -isomorphism. Furthermore 

(1) Let h t = k t/2 . Then H t f{z) = (f * h t ){z), see (T£f. 

(2) iJj = U t where U t '■ L 2 (M) — > TL t (Mc) is the unitary isomorphism from the proof 
of Theorem \3.9[ 

Proof. We have 

with a(fj) = e'^+^L. By Theorem O 



d(rie 2t ^ 2 ^\\a(ri\\l= £ d<J*)\\?X=\\f\\l 



By Theorem I3.11[ H t f extends to a holomorphic function on M c , H t f G H t (Kc), and 
ll-ft/ll* = II /II 2- That H t is bijective follows easily not only from the representation theory 
but also from the fact, which we will prove in a moment, that H t = U t . 

(1) For / G L 1 (M) and g G L 1 (M) K , or g holomorphic and i^-invariant on Mc, define 



We have |/| * \^\(z) < e°^NI||/|| 2 . Hence £ A+ d(fi) e -^ + ^ \f\ * \^\(z) < oo and 
we can interchange the integration and summation to get (with some obvious abuse of 
notation) 

/*/**= E d^e'^+^f * = E e-^ 3 "^/^ = F t / 
/iGA+ ^eA+ 
where the last equality follows from Lemma 14.21 

(2) We use the ideas from [30]. Let R and U t be as in the proof of Theorem 13.91 Let 
/ G L 2 {M). Then 

R*f(z) = (R*f,K t (-,z)) 2 =(f,RK t (-,z)) 2 = [ f(x)K t (z,x)dx= [ f(x)k t ( X - 1 z)dx. 

Jm Jm 
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In particular 

RR*f{m) = f * k t {m) . 

It follows that RR*f = e 2tA f. As s H- e sA is an operator valued semigroup it follows that 
VRR* = e tA . The image of H t = VRR^ is dense in L 2 (M). Let g = H t f G H t (L 2 (M)). 
Then 

RU t g = RR*f = H t g. 

As Utg and H t g are holomorphic and agree on M it follows that Utg(z) = H t g(z) on Mc- 
The image of H t is dense in L 2 (M) and both f/ t and H t are continuous, hence Ut = H t . □ 

Define F t : 0^+ d -> ^(A + ) by F t (v)(^) := e^+ 2 ^(/i). 
Corollary 4.4. VFe /iai>e a commutative diagram of unitary U -isomorphisms 

L 2 (M)^^n t (M c ) . 

• f 

Proof. This follows from (14 .ip , Theorem 12.31 Theorem 13.111 and Theorem 14.31 □ 

5. Propagations of Compact Symmetric Spaces 

In this section, we describe the results, which we need later on, from [3TJ HI] on limits 
of symmetric spaces and the related representation theory and harmonic analysis. We 
mostly follow the discussion and notations in [31]. Most of the material on spherical 
representations is taking from Section 6 in [3U [32]. We keep the notations from the 
previous sections and indicate the dependence on the symmetric spaces by the indices 
m, n etc. In particular M n = U n /K n , n G N is a sequence of simply connected symmetric 
spaces of compact type. We assume that for m > n, U n C U m and 9 m \ Un = 9 n . Then 
K n = K m PI U n , i m fl Un = t n , and s m D u„. We recursively choose maximal commutative 
subspaces a m C s m such that a n = a m fl u n for all m > n. Let r n = dim a n be the rank of 
M n . 

As before, we let S n = £(u nj c, dn,c) denote the system of restricted roots of a n ,c in 
u n ,c- We can-and will-choose positive systems so that £+ C cr+| an . Let 

Si /2 ,„ = | a G S„ | ^ S„| and £ 2 , n = {a G S n | 2a <£ S n } . 

Then £i/ 2) „ and £ 2jn are reduced root systems (see Lemma 3.2, p. 456 in [IB]). Consider 
the positive systems S+ /2 n := Ei/ 2 , n H S+ and := E 2 ,n fl £+. Let *i/2,n and ^2,n 
denote the sets of simple roots for St, 2 n and £j n respectively. 
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Suppose for a moment that M n is an irreducible symmetric space for every n. We say 
that M m propagates M n if £i/2,n = £i/2,m or we only add simple roots to the left end of the 
Dynkin diagram for ^i/2, n to obtain the Dynkin diagram for ^i/2, m - 111 particular, ^1/2,71 
and ^i/2,m are of the same type. In general, if M m ~ x . . . x M r m and M n ~ M\ x 
with M % m and irreducible, then M m propagates M n if we can enumerate the irreducible 
factors M l m and such that M l m propagates M l n for i = 1,2, ...,s. We refer to the 
discussion in Section 1 of [32] for more details. 

From now on, we assume that M m propagates M n for all m > n. We call the sequence 
{M n = U n /K n }, the propagating sequence of symmetric spaces of compact type. This 
includes sequences of symmetric spaces from each line of the following table of classical 
symmetric spaces, see (19], Table V, page 518: 



(5.1) 



Compact Irreducible Riemannian Symmetric M = U/K 


Type 


U 


K 


rank M 


dimM 


An-i 


SU(n) x SU(n) 


diag SU(n) 


n — 1 


n 2 -l 


B n 


SO(2n + 1) x SO(2n + 1) 


diagSO(2n + 1) 


n 


2n 2 + n 




Sp(n) x Sp(n) 


diag Sp(n) 


n 


2n 2 + n 




SO(2n) x SO(2n) 


diag SO (2n) 


n 


2n 2 — n 


AI 


SU(n) 


SO(n) 


n — 1 


(n-l)(n+2) 
2 


All 


SU(2n) 


Sp(n) 


n — 1 


2n — n — 1 


AIII 


SU(p + q) 


S(U(p) x U(g)) 


min(p, g) 


2pg 


BDI 


SO(p + g) 


SO(p) x SO(g) 


minQo, g) 




Dili 


SO(2n) 


U(n) 


n' 


n(n — 1) 


CI 


Sp(n) 


U(n) 


n 


n(ri + 1) 


CII 


Sp(p + q) 


Sp(p) x Sp(g) 


min(p, q) 


4pq 



But we can also include an inclusion like 

SU{n)/SO{n) C (£C/(n) x SU{n))/dmg{SU{n) x S77(n)). 

Now, let ^2,n = {a n ,i, • • • , ttn,r n }- According to the root systems discussed in Section 2 
of [31], we can choose the ordering so that for j < r n , a m j is the unique element of ^2,m 
whose restriction to a n is a n j. Define G ia* n by 



(5.2) 



ko 



The weights £ n j are the class-1 fundamental weights for (u n ,-6 n ). We set 

"n {Cl,ri> • • • ;£n,r n } • 
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It is clear by the definition of A+ that 

(5.3) A+ = XX^i" 

Lemma 5.1 ([13], Lemma 6, [51] . Lemma 6.7). Recall the root ordering of (5.2). // 
1 < i < f n then £ m j is the unique element o/S m whose restriction of a n is £ n j. 

This allows us to construct the map 6 njm : A+ — )■ A+ 

3=1 J j=l 

Note that i n ,m(A i )|a n = A* an d if 5 G A+ is such that 5 = Y7j=i kj£m,j, then 6\ an G A+ and 

Lemma 5.2 ([31], Lemma 6.8). Assume that 5 G A+ zs a combination of the first r n 
fundamental weights, 5 = X)i=i • A* := ^|a„ — Si=i%£nJ ■ ^5 a nonzero 
highest weight vector in Vg then (7Ts(U n )vs) , the linear span of {-n^,{g)vs \ g G U n }, is 
an irreducible representation of U n which is isomorphic to (tts,V^). Furthermore, v is a 
highest weight vector for ir^ and ir^ occurs with multiplicity one in its\g„- 

The point of this discussion is, that if \x G A+, then we can-and will- view as a 
subspace of V Lnm ^) such that (u.v)^ = {u,v) Lnm ^) for all u,v G V^. 

We note that the ^-invariant vector e M G is not necessarily .fr m -invariant. But the 
projection of e Ln m ( M ) onto is always non-zero and K n invariant. This follows from the 
Lemma [5T21 and the fact that (vs,eg)s ^ (see [19], the proof of Theorem 4.1, Chapter 
V). In particular e tn m(At) = ce M + f n>m .^ for some AVfixed vector / n , m;/i , orthogonal to e M . 



6. The Segal-Bargman Transform on the Direct Limit of {L 2 (M n )} n 

In this section, we recall the isometric [7 n -embedding on L 2 (M n ) into L 2 (M m ) due to J. 
Wolf, [33]. We then discuss similar construction for the Fock spaces and show that the 
Segal-Bargmann transform extends to the Hilbert-space direct limit. 

First, define 7m>n : L 2 (M n ) — ► L 2 (M rn ) by 



MGA+ 



^ \/ d{{tn,rn{tl))d{n) (f^ 7r tn>m(/Lt ) ( • )e tft>m ( /i )) tn>m () 1 ) . 
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Clearly each ^ m ,n is linear. Then by Theorem 12.31 in particular (12. 8 h it follows that 
7 njm is an isometry. (12. 7p implies that •y ritm is an intertwining operator. Moreover, if 
n < m < p, then 



Therefore we have a direct system of Hilbert spaces {L 2 (M n ), 7 mn } so the Hilbert space 
direct limit 

L 2 (M^):=lim{L 2 (M n ),7n,m} 

is well defined. Denote by 7 n the canonical isometric embedding L 2 (M n ) ^ L 2 (Moo). As 
^ n ,m intertwines L n and L m it follows that we have a well defined unitary representation 
of Uoo ■= limC/ n on L 2 (Moo) given by: If x G U n and / = 7„(/„) G L 2 (Moo), then 
Loo(x)f = j n (L n (x)f n ). Then 7 n is a unitary [7 n -map and according to |44j, L 2 (Moo) is 
a multiplicity free representation of 1/^. We skip the details as they will not be needed 
here. 



For simplicity write 



e„(t,/i):=e^ +2 ^ , fj, G A r H 



Next, we define a isometric embedding 5 nm : 7-L t (M nC ) ^ T-L t (M mC ) for the Fock spaces 
using Theorem 13.111 and such that the diagram 



L 2 (M„ 



L 2 (M„ 



(6.1) 



Ht, 



Ht,, 



<5n,' 



Ht(M, 



mC y 



commutes. This forces us to define 8 n>m by 

\mga+ / ^eA+ ' 

Here we use the notation from Theorem 13.111 and view C V^^) so a(/i) G K„ m (At)- 

Lemma 6.1. 7/m > n then 8 n ^ m : "H t (M n c) — )■ %(M m c) an isometric U n -map and the 
diagram W. 1\) commutes. Furthermore, if n < m < p then 8 nyP = d~ m ^ p o <5 np . 
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At€A+ 

E d(^)e»(2t,M)||a(A*)|| 

ii E^^ifc- 



Theorem 13.111 implies that 5„ >m : TLt(M n c) — > / Ht{M m c) is an unitary ^-isomorphism onto 
its image. □ 

The following is now clear from the universal mapping property of the direct limit of 
Hilbert spaces, see [24J: 



Theorem 6.2. Let L 2 (M DO ) := lim{L 2 (M n ), ^ m } as before andHtiM^c) ■= \u$H t (M nC ) 
in the category of Hilbert spaces and isometric embeddings. Then there exists a unique 
unitary isomorphism H ti00 : L 2 (M 00 ) — > T^Mqoc) such that the diagram 



L 2 (M n 



L 2 (M n+1 ) 



Ht, 



H, 



t,n+l 



H t {M n 



n t (M q 



L 2 (M 



Ht, 



n+l,C) 



H t (M a 



commutes. In particular, if 5 n : 7-L t (M nC ) — > T-Lt(M mC ) and 7 n : L 2 (M n ) — >■ L 2 (M 00 ) are 
the canonical embedding then S n o H t , n = H t>0 o ° In- 



7. The Segal-Bargman Transform on the Direct Limit of {L 2 (M n ) Kn } n 

We continue using the notations as in the previous section. We pointed out earlier that 
the [/n-embedding ^ does n °t ma P Vp n Kf^mfrtV This implies that 

7n , m (L 2 (M n )^) t L 2 (M m ) Km 

and 7„, m (Vv) ^ ^i*.,™^)- Therefore, to describe the limit of the heat transform on the 
level of i^-invariant functions, a new embedding is needed. We therefore define r] nm : 
L 2 {M n ) K - -> L 2 (M m ) Km by 



M6A-* 
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All r] min are linear and it follows from Theorem 12.41 that rj mjn is an isometric embedding. 



Furthermore, if n < m < p, then rj n , t 



r)n jm . Therefore {L 2 (M n ) Kn , 7] n , m } is a 



direct system of Hilbert spaces. Define (by abuse of notation) 

L 2 (Moo)^ := ]h^L 2 (M n ) Kn 

in the category of Hilbert spaces and isometric embeddings from the above direct system. 
Denote by r\ n : L 2 (M n ) — > L 2 (M 00 )- f '" 00 the resulting canonical embedding. 



For m > n define 



: H t (M, 



nC) 



H t (M mC ) K " 



by 



d{p) e n (t,n) 



a(/i)V>, 



By Theorem 13.111 it follows that </> n , m is an isometric [/^-embedding: If 



F := d{p)a(ji)% e K t (M, 



nC 



then: 



i,m( F )\\ 2 m,t = ^2 d(L nim (n)) e m (2t, l nim (fl)) 
= ^ d (^)\a t (fi)\ 2 e n (2t,IJ,) 

A*eA+ 



dfr) q(//) e n (^) 



In, 4 ' 



Finally, it is easy to verify that if n < m < p, then n>p 



y m,p w Yn,m- 



Thus HtiMooc) °° c := lini{'H f (M„c) c is well defined in the category of Hilbert spaces 
and isometric embeddings. 



Lemma 7.1. For m > n, the following diagram is commutative. 



L 2 (M n ) Kn L 2 (M„ 



U t {M\ 



ml 
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Proof. Let / = £ MeA+ d^)f{^ E L 2 (M n ) Kn . Then 

H t ,n(f) = Yl ^M-t, V)f(v)^ 



and 



e„(t,/i) 



d(i n ,m{n)) e m (t,L n , m (n)) 



f(fi)e n {t,fi) V t „, m M 



= H t , m (rj n , m (f)) . 



□ 



Using the universal mapping property of the direct limit of Hilbert spaces as in Theorem 
6.2, we obtain the following: 

Theorem 7.2. There exists a unique unitary isomorphism 

S tt00 : ^(MoX 00 Ht{Mooc) K - c 



such that the diagram 



L\M n ) 



Kn 



Vn+1, 



L 2 (M n+1 ) K ^ 



Pn+l,n 



^(K+l) 



St,, 



H t {M c 



ooC 



commutes. Furthermore r]^ o = (f) n o if t , 



References 

[1] D.N. Akhiezer and S. Gindikin, On Stein extensions of real symmetric spaces, Math. Ann. 286 
(1990), 1-12. 

[2] J-P. Anker and P. Ostcllari, The Heat Kernel on Noncompact Symmetric Spaces, Lie groups and 
symmetric spaces: In memory of F.I. Karpelevich, S. Gindikin(cd.), Amer. Math. Soc. Tranl. (2)210, 
Amer. Math. Soc. (2004), 27-46. 

[3] V. Bargmann, On Hilbert spaces of analytic functions and an associated integral transform, Comn. 
Pure Appl. Math. 14 (1961), 187-214. 

[4] T. Branson, G. Olafsson and A. Pasqualc, The Paley-Wiener Theorem and the local Huy gens' prin- 
ciple for compact symmetric spaces: The even multiplicity case, Indag. Mathem., N.S., 16 (2005), 
393-428. 



THE SEGAL-BARGMANN TRANSFORM ON COMPACT SYMMETRIC SPACES 



26 



[5] J. Faraut, Espaces Hilbertiens invariant de fonctions holomorphes, Scmin. Congr., vol. 7, Soc. Math. 

de France, Paris, 2003, 101-167. 
[6] , Analysis on the crown of a Riemannian symmetric space, in: Amer. Math. Soc. Transl. Ser. 

2, vol. 210, Amcr. Math. Soc, Providence, PJ, 2003, pp. 99-110. 
[7] M. Flensted- Jensen, Spherical functions on a real semisimple Lie group. A method of reduction to 

the complex case, J. Funct. Anal. 30 (1978), 106-146. 

[8] , Discrete series for semisimple symmetric spacdes, Ann of Math. Ill (1980), 253-311. 

[9] G. B. Folland, A Course in Abstract Harmonic Analysis, Studies in Advanced Mathematics, CRC 

Press, 1995. 

[10] R. Goodman and N. R. Wallach, Representations and Invariants of the Classical Groups, Encyclo- 
pedia of Mathematics and its Applications 68, Cambridge University Press, Cambridge, Reprintd 
with corrections 2003. 

[11] M. Gordina, Holomorphic functions and the heat kernel measure on an infinite dimensional complex 

orthogonal group, Potential Analysis 12 (2000), 325-357. 
[12] B. C. Hall, The Segal-Bargmann transform for compact Lie groups, J. Funct. Anal. 143 (1994), 

103-151. 

[13] , Holomorphic methods in analysis and mathematical physics, In: First Summer School in 

Analysis and Mathematical Physics, Contemp. Math., Vol. 260, Amer. Math. Soc, Providence, RI, 
2000, 1-59. 

[14] , Harmonic analysis with respect to the heat kernel measure, Bull. Amer. Math. Soc. (N.S.) 

38 (2001), 43-78. 

[15] , The range of the heat operator. In: Ed.: J. Jorgensen and L. Walling, The Ubiquitous Heat 

Kernel, 203-231, Contemp. Math., 398, AMS, 2006. 
[16] B. C. Hall and J. Mitchell, The Segal-Bargmann transform for noncompact symmetric spaces of the 

complex type. J. Funct. Anal. 227 (2005), 338-371. 
[17] B. C. Hall and A. N. Sengupta, The Segal-Bargmann transform for path-groups, J. Funct. Anal. 152 

(1998), 220-254. 

[18] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Amcr. Math. Soc, Provi- 
dence, RI, 2001. 

[19] , Groups and Geometric Analysis, Amer. Math. Soc, Providence, RI, 2000. 

[20] J. Hilgert and G. Zhang, Segal-Bargmann and Weyl transforms on compact Lie groups, Monatsh. 

Math. 158 (2009), 285-305. 
[21] B. Krotz and R. Stanton, Holomorphic extension of representation (II): Geometry and harmonic 

analysis. Gcom. Funct. Anal. 15 (2005), no. 1, 190-245. 
[22] B. Krotz, G. Olafsson and R. Stanton, The Image of the Heat Kernel Transform on Riemannian 

Symmetric Spaces of the Noncompact Type, Int. Math. Res. Not. 22 (2005), 1307-1329. 
[23] M. Lassalle, Series de Laurent des fonctions holomorphes dans la complexification d'un espace 

symetrique compact, Ann. Sci. Ecole Norm. Sup. (4) 11 (1978), no. 2, 167-210. 
[24] L. Natarajan, E. Rodriqucz-Carrington and J. A. Wolf, The Bott-B or el-Weil Theorem for direct 

limit Lie groups, Trans. Amer. Math. Soc. 353 (2001), 4583-4622. 
[25] K-H. Neeb, Holomorphy and convexity in Lie theory de Gruyter Expositions in Mathematics, 28. 

Walter de Gruyter & Co., Berlin, 2000 
[26] G. Olafsson, Analytic Continuation in Representation Theory and Harmonic Analysis. In: Global 

Analysis and Harmonic Analysis, cd. J. P. Bourguignon, T. Branson, and O. Hijazi. Seminares et 

Congr, vol 4, (2000), 201-233. The French Math. Soc. 
[27] G. Olafsson and H. Schlichtkrull, The Segal-Bargmann transform for the heat equation associated 

with root systems. Adv. Math. 208 (1) (2007), 422-437. 



THE SEGAL-BARGMANN TRANSFORM ON COMPACT SYMMETRIC SPACES 



27 



[28] , Representation theory, Radon transform and the heat equation on a Riemannian symmetric 

space. Group Representations, Ergodic Theory, and Mathematical Physics; A Tribute to George W. 
Mackey. In: Contemp. Math., 449 (2008), 315-344. 

[29] , Fourier transforms of spherical distributions on compact symmetric spaces. To appear in 

Math. Scand. 

[30] G. Olafsson and B. 0rsted, Generalizations of the Bargmann transform, Lie theory and its applica- 
tions in physics (Clausthal, 1995), 3-14, World Sci. Publ., River Edge, NJ, 1996. 

[31] G. Olafsson and J. A. Wolf, Weyl group invariants and application to spherical harmonic analysis 
on symmetric spaces. Preprint, arXiv:0901.4765 

[32] , Extension of Symmetric Spaces and Restriction of Weyl Groups and Invariant Polynomials, 

to appear in Contemporary Mathematics. 

[33] E. Opdam, Harmonic analysis for certain representations of graded Hecke algebras, Acta Math. 175 
(1995), 75121. 

[34] I. E. Segal, Mathematical Problems of Relatvistic Physics, (Ed. M. Kac) Lectures in Applied Math- 
ematics 2, AMS, 1963. 

[35] A. R. Sinton, The spherical transform on projective limits of symmetric spaces, J. Lie Theory 17 
(2007), no. 4, 869-898. 

[36] H. Schlichtkrull, Hyperfunctions and Harmonic Analysis on Symmetric Spaces, Prog. Math. 49. 
Birkhauser, Boston, 1984. 

[37] M. Stenzel, The Segal- Bargmann transform on a symmetric space of compact type, J. Funct. Anal. 
165 (1999), 44-58. 

[38] M. Sugiura, Fourier series of smooth functions on compact Lie groups, Osaka Math. J. 8 (1971), 
33-47. 

[39] S. Thangavelu, Holomorphic Sobolev spaces associated to compact symmetric spaces, J. Funct. Anal. 

251 (2007), 438-462. 
[40] N. Wallach, Harmonic Analysis on Homogeneous Spaces, Marcel Dekker, 1973. 
[41] K. Wiboonton, Ph.D. Thesis, LSU, 2009. 

[42] J. A. Wolf, Direct limits of principal series representations, Compositio Mathematica, 141 (2005), 
1504-1530. 

[43] , Harmonic analysis on commutative spaces, Math. Surveys & Monographs vol. 142, Amer. 

Math. Soc, 2007. 

[44] , Infinite Dimensional Multiplicity Free Spaces I: Limits of Compact Commutative Spaces, 

In "Developments and Trends in Infinite Dimensional Lie Theory, ed. K.-H. Neeb & A. Pianzola, 
Birkhauser, to appear in 2009. 

Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803, USA 
E-mail address: olafsson@math.lsu.edu 



Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803, USA 
E-mail address: kwibool@math.lsu.edu 



